The aim of this paper is to give the detailed description of Blaschke structures induced on ruled surfaces (M, /) in R 3 . The investigation of affine ruled surfaces was started by W. Blaschke in the beginning of our century (see [B]). The description of affine ruled surfaces can be also found in the book [S-S] by P.A. Schirokov and A.P.Schirokov. The ruled extremal surfaces are described in [M-M], ruled surfaces with constant mean affine curvature H are described in [D-M-M-S-V], In our paper we introduce for a ruled surface (M, f) some local coordinates on a manifold M in which we describe the Blaschke structure (V, h, S) induced on (Af, /). We give a unified description of proper ruled spheres and other ruled surfaces. We also charecterize those proper ruled surfaces which are quadrics. Although the results are mostly classical it seems to the author that it is important to underline that ruled surface is determined by a solution of a system of ordinary differential equations of order 3 and its affine structure can be determined by means of coefficients of this system.
Preliminaries
Let M be a smooth, oriented and connected manifold, V a real vector space with fixed orientation form o, dimF = dim M + 1. For V -R n+l we assume o = det, where det is the standard orientation form on R n+1 . Let / : M V be an immersion. Any one dimensional subbundle S of f*TV transversal to /,(TM)(i.e. f*TV = f m (TM) © H) defines an affine connection in the following way:
where by D we denote natural flat connection on any vector space and 7r is a projection w : f*TV -»• /»(TM) parallel to E. If £ is nowhere vanishing (n.v.) section of E then it defines symmetric form h by the equation
Dx(f*Y) = U(V x Y) + h(X,Y)(.
An immersion / is called nondegenerate if h is a nondegenerate form (see [N-P-2] ). In the rest of our paper we assume this condition for / and h. £ defines also the shape operator S and transversal connection form 1) by the equality Dxt = -MSX) + 0(X)t. With £ is associated the volume element v^ -f*(i^o). The connection V is called equiaffine if there exists a n.v. section £ of 5 for which t) = 0(it means = 0) and then £ is called an equiaffine transversal field. If M is simply connected it is equivalent to the condition that the Ricci tensor 7(X,Y) for V is symmetric (see [N-P-l] ). For a given equiaffine connection induced by an immersion / an equiaffine transversal field is uniquely determined up to a constant factor. An equiaffine structure (V, h, S) It means that I(x is a symmetric operator with respect to h. By J\h(C, C) we denote the Fubini-Pick invariant (see [D-M-M-S-] ). In any basis in TM we have h(C, C) = £ /i ip /i i9 /i fcr C ijfc C P5r . A hypersurface (M, /) is called an affine sphere if 5 = HI for some H G R. For an equiaffine structure (V, h, S) the following equations hold
For a Blaschke structure on a surface M an affine Theorema Egregium
holds, where Kh is Gauss curvature of an affine metric h and H = |trS is called an affine mean curvature of the structure (V,/i, S) . Two hypersurfaces (M,f), (TV, g) we call equiaffinely equivalent iff there exist a diffeomorphism (j> : M ->• N and an affine transformation A 6 ASL (V) such that go<f> = Aof.
Surfaces in R 3 with an indefinite affine metric h and vanishing Fubini-Pick invariant J
Let us recall Lemma (see [J] ):
LEMMA . Let (M,f) 
be an affine surface with vanishing Fubini-Pick invariant J and indefinite affine metric h. Then for every point XQ £ M there exists a neighbourhood U C M of XQ and a local frame {E\, E 2 ] defined on U and satisfying the following equations
where T] is a smooth function. Let us assume that (M, /) is as in Lemma. Let us introduce local coordinates (X\,x 2 ) such that Then the following equations hold
where a,(3 G C°°(U) and we can always assume that a > 0. From (h) we obtain for coefficients of Levi-Civita connection of affine metric h
Hence (K) yields:
Hence using Gauss equation we get
Let us denote (see (E))
Then H is a pseudo-Riemannian curvature of the metric h and affine mean curvature of (M,/) . From (2.3) and (2.4) we obtain for the affine shape operator the following equations An immersion / satisfies in coordinates (x\,x 2 ) the following system of fundamental equations where d\ A = e u .
Remark. If we change coordinates by
is a ruled surface. Consequently affine surface with J = 0 and indefinite affine metric is locally ruled and hence is contained in a globally ruled affine surface. We generalize here a result from [D-M-M-S-V], which was proved under an assumption that H is constant.
As affine extremal ruled surfaces are well described (see [M-M] ) we shall assume from now on that H ^ 0 (i.e. H > 0 or H < 0 on the whole of M).
From (2.7) and (2.8) we obtain where k € C°°(R, R 3 ) is a smooth function depending only on y2 and satisfying in view of (2.11), (2.12) and (2.9) an ordinary differential equation
for some smooth functions a, ¡3 depending only on y2. We show now that /3 = -jj. From (f) we get (2.13) dxf = g, (2.14) d2f = ~+(yi + j + fijg' + ag.
Using (£1) we obtain (2.15)
Hence £ is an equiaffine transversal field for (R 2 , /) iff /3 = -jj. It follows that
Next we compute the connection coefficients of V and coordinates of an affine metric h and shape operator S in a chart (2/1,2/2)-We can rewrite (2.14) and (2.15) as 
(^-^ + y l9 ' + ag^j + h u (-H yi g + g').
As g, g', g" are linearly independent (we have assumed H ^ 0) we obtain where H = det(g,g',g") and g satisfies equation (g). It easy to check that if we define an immersion / by formula (f) where g is a solution of equation (g) satisfying an initial condition det (g,g',g") o ^ 0, then (.ft 2 ,/) is a nondegenerate ruled surface, vector field £ given by (£1) is an affine normal field for (R 2 ,f) and in the standard coordinates on R 2 the above formulae are satisfied. Hence we have proved: (see also [S-S] , [B] , [V] ) THEOREM . Let (M,F) (M,f) is given by formula (HI). A surface (M,f) is a quadric iff a = a = 0, b' = 2c. Remark 1. Let us note that (R 2 , f) has constant mean affine curvature iff a -0 and it is an affine sphere iff a = 0 and a = 0. If H ^ 0 is constant then we can always assume (see [J] 
